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Abstract
A global attractivity theorem is ﬁrst proved for a class of skew-product semiﬂows. Then this
result is applied to monotone and subhomogeneous almost periodic reaction–diffusion
equations, ordinary differential systems and delay differential equations for their global
dynamics.
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1. Introduction
Monotone dynamics has received extensive investigations (see, e.g., [4,10,12,21,24]
and references therein). Various stability and convergence results were obtained for
monotone autonomous and periodic systems with subhomogeneous (or sublinear)
nonlinearities (see [6,7,10,13,23,25,33,36]). As noted in [33], both Krasnoselskii’s
strong concavity and the concavity introduced in [23] imply strict subhomogeneity. It
is also known that monotone and sublinear nonautonomous semiﬂows have a
tendency to be weakly ergodic [18] or asymptotically proportional [27]. Moreover,
Krause and Nussbaum [16] proved a limit set trichotomy for part metric contractive
maps on solid and normal cones in Banach spaces, and made a very interesting
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observation that a monotone map with strong subhomogeneity is contractive for the
part metric on the interior of the cone. The concept of part metric was also utilized
for convergence for discrete dynamical systems in [26]. Recently, nonperiodic and
nonautonomous semiﬂows in population biology have been attracting more
attentions (see, e.g., [11,22,28,29,34,35] and references therein). In particular, the
skew-product semiﬂow approach (see, e.g., [8,19,20]) was used in [11,22] for
convergence in almost periodic reaction–diffusion equations, and in [35] for uniform
persistence in nonautonomous semiﬂows. The purpose of this paper is to study
global dynamics in monotone and subhomogeneous almost periodic systems.
In Section 2, by using the theory of skew-product semiﬂows developed in [19–21]
and the concept of part metric introduced in [30], we prove a global attractivity
theorem for a class of skew-product semiﬂowsPtðx; yÞ ¼ ðuðx; y; tÞ; sðtÞyÞ on P  Y ;
where P is the positive cone of a Banach space X having nonempty interior intðPÞ;
and sðtÞ : Y-Y is a compact minimal and distal ﬂow. We show that the skew-
product semiﬂow is contracting with respect to the part metric r on intðPÞ: However,
we cannot directly use the global attractor theorem for strictly contracting semiﬂows
[21, Theorem II.2.9] because ðintðPÞ; rÞ may not be a complete metric space, and
only for a speciﬁc point ðy0; t0ÞAY  ð0;NÞ; uð; y0; t0Þ is strictly contracting with
respect to the part metric. To overcome these deﬁciencies, we appeal to [21, Lemma
II.2.10] on the ﬂow extension and distality for contracting skew-product semiﬂows,
and the structure theorem of skew-product ﬂows [19, Theorem 1]. Note that the
monotonicity is not assumed for the nonautonomous system in our general result.
In Section 3, we apply the global attractivity theorem established in Section 2 to
three types of monotone and subhomogeneous almost periodic systems. We ﬁrst
establish a threshold dynamics for Kolmogrov reaction–diffusion equations under
general boundary conditions in terms of principal spectrum points developed in [15],
which generalizes a result in [22, Theorem 4.1] where the Neumann boundary
condition is assumed. Then we prove a result on the global attractivity of a unique
positive almost periodic solution for either irreducible cooperative and strictly
subhomogeneous, or cooperative and strongly subhomogeneous, ordinary differ-
ential systems. A similar result is also obtained for cooperative and strictly
subhomogeneous delay differential equations. We should point out that the results in
Section 3 are related to the conditional asymptotic equality presented in [27]. The
main contribution here consists in establishing the existence of a positive almost
periodic solution if the nonautonomous system is associated with an almost periodic
skew-product semiﬂow, and in showing that the time-uniformity of the strict
sublinearity required in [27] can be dropped in obtaining the global attractivity of the
almost periodic solution.
2. Global attractivity
Let Rþ ¼ ½0;NÞ; and let Y be a compact metric space with metric d: Recall that a
continuous ﬂow s : Y  R-Y is said to be minimal if Y contains no nonempty,
proper, closed invariant subset; distal if for any two distinct points y1 and y2 in Y ;
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there holds inf tAR dðsðy1; tÞ; sðy2; tÞÞ40: Clearly, a ﬂow s : Y  R-Y is minimal if
and only if every full orbit is dense in Y :
Throughout this section, we assume that ðX ; PÞ is an ordered Banach space
with intðPÞa|; and that s : Y  R-Y is a minimal and distal ﬂow. For
x1; x2AX ; we write x1Xx2 if x1  x2AP; x14x2 if x1  x2AP\f0g; x1bx2 if
x1  x2AintðPÞ:
We consider a continuous semiﬂow P : P  Y  Rþ-P  Y of the following
form:
Pðx; y; tÞ ¼ ðuðx; y; tÞ; sðy; tÞÞ; 8ðx; y; tÞAP  Y  Rþ;
that is, P is a skew-product semiﬂow on P  Y : We denote p : X  Y-Y as the
natural projection, and also use notations sðtÞðyÞ ¼ sðy; tÞ and Ptðx; yÞ ¼ Pðx; y; tÞ:
It is well known that for any precompact forward orbit gþðx; yÞ :¼ fPtðx; yÞ : tX0g
in P  Y ; its omega limit set oðx; yÞ is a compact and (positively) invariant set for P:
Then we have the following result.
Theorem 2.1 (Global attractivity). Let Pt be a skew-product semiflow on P  Y :
Assume that
(A1) For any lAð0; 1Þ; x1; x2AintðPÞ; lx1px2pl1x1 implies that luðx1; y; tÞ
puðx2; y; tÞpl1uðx1; y; tÞ; 8ðy; tÞAY  Rþ;
(A2) There exist y0AY and t040 such that for any lAð0; 1Þ; x1; x2AintðPÞ;
lx1px2pl1x1 implies that luðx1; y0; t0Þ5uðx2; y0; t0Þ5l1uðx1; y0; t0Þ:
If Pt has a precompact forward orbit with its omega limit set K0CintðPÞ  Y ; then
the semiﬂow Pt : K0-K0 admits a ﬂow extension such that p : ðP; K0Þ-ðs; Y Þ is a
ﬂow isomorphism, and for every compact omega limit set oðx; yÞCintðPÞ  Y ; there
holds oðx; yÞ ¼ K0 and limt-N jjuðx; y; tÞ  uðxn; y; tÞjj ¼ 0; where ðxn; yÞ ¼
K0-p1ðyÞ:
Proof. We deﬁne the part metric r on intðPÞ by
rðx1; x2Þ :¼ inffln a : aX1 and a1x1px2pax1g; 8x1; x2AintðPÞ:
Then ðintðPÞ; rÞ is a metric space (see, e.g., [17,30]). By the triangle inequality for
metric functions, it is easy to see that rð; Þ : intðPÞ  intðPÞ-R is continuous with
respect to the product topology induced by the metric r: Given x0AintðPÞ; we can
choose a real number r40 such that the closed norm ball %Bðx0; 2rÞ :¼ fxAX :jjx 
x0jjp2rgCintðPÞ: Then for any xA %Bðx0; rÞ; there holds %Bðx; rÞCintðPÞ: By [16,
Lemma 2.3(i)], we have
rðx; x0Þpln 1þ jjx  x0jj
r
 
; 8xA %Bðx0; rÞ:
X.-Q. Zhao / J. Differential Equations 187 (2003) 494–509496
Thus limn-N jjxn  x0jj ¼ 0 implies limn-N rðxn; x0Þ ¼ 0 for any sequence fxng and
point x0 in intðPÞ: It then follows that rð; Þ : intðPÞ  intðPÞ-R is also continuous
with respect to the product topology induced by the norm jj  jj: With (A1) and (A2),
we further have the following two claims, respectively.
Claim 1. rðuðx1; y; tÞ; uðx2; y; tÞÞprðx1; x2Þ; 8x1; x2AintðPÞ and ðy; tÞAY  Rþ with
uðxi; y; tÞAintðPÞ; i ¼ 1; 2:
Indeed, let rðx1; x2Þ ¼ ln a040: Then a041; and hence 0oa10 o1: Since
a10 x1rx2pa0x1; by assumption (A1), there holds
a10 uðx1; y; tÞpuðx2; y; tÞpa0uðx1; y; tÞ; 8ðy; tÞAY  Rþ:
It then follows that rðuðx1; y; tÞ; uðx2; y; tÞÞpln a0 ¼ rðx1; x2Þ; 8ðy; tÞAY  Rþ:
Claim 2. rðuðx1; y0; t0Þ; uðx2; y0; t0ÞÞorðx1; x2Þ; 8x1; x2AintðPÞ with x1ax2 and
uðxi; y0; t0ÞAintðPÞ; i ¼ 1; 2:
In fact, let a0 be as in the proof of Claim 1. By assumption (A2), we get
a10 uðx1; y0; t0Þ5uðx2; y0; t0Þ5a0uðx1; y0; t0Þ:
Since intðPÞ is an open subset of X ; we can choose an a1Að1; a0Þ sufﬁciently close to
a0 such that
a11 uðx1; y0; t0Þ5uðx2; y0; t0Þ5a1uðx1; y0; t0Þ:
It then follows that rðuðx1; y0; t0Þ; uðx2; y0; t0ÞÞpln a1oln a0 ¼ rðx1; x2Þ:
Let Z :¼ fððx1; yÞ; ðx2; yÞÞ: x1; x2AintðPÞ; yAYg; and deﬁne a continuous func-
tion *r : Z-Rþ by *rððx1; yÞ; ðx2; yÞÞ ¼ rðx1; x2Þ; 8ðx1; yÞ; ðx2; yÞAZ: Since
K0CintðPÞ  Y ; Claim 1 implies that the skew-product semiﬂow Pt : K0-K0 is
contracting with respect to *r in the sense that
*rðPðx1; y; tÞ;Pðx2; y; tÞÞp *rððx1; yÞ; ðx2; yÞÞ; 8ðx1; yÞ; ðx1; yÞAK0; tX0:
Clearly, *rððx1; yÞ; ðx2; yÞÞ ¼ 0 if and only if ðx1; yÞ ¼ ðx2; yÞ: Since K0 is the omega
limit set of a precompact forward orbit, every point in K0 admits a backward orbit in
K0: By [21, Lemma II.2.10(1) and (2)], it then follows that Pt : K0-K0 admits a ﬂow
extension (i.e., every point in K0 has a unique backward orbit), and this ﬂow is distal.
We further claim that cardðK0-p1ðy0ÞÞ ¼ 1: Suppose for contradiction that there
are two distinct points ðx1; y0Þ and ðx2; y0Þ in K0-p1ðy0Þ: Then ðx1; y0Þ and ðx2; y0Þ
are distal for the ﬂow Pt : K0-K0: By an Ellis semigroup argument (see, e.g., the
proof of [21, Lemma II.2.10(3)]), there exists a sequence tn-N such that
limn-N Ptnðxi; y0Þ ¼ ðxi; y0Þ; and hence limn-N uðxi; y0; tnÞ ¼ xi; i ¼ 1; 2: Let
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ð %xi; %yÞ ¼ Pt0ðxi; y0ÞAK0CintðPÞ  Y ; i ¼ 1; 2: Then Ptnðxi; y0Þ ¼ Ptnt0ð %xi; %yÞ;
8nX1: By Claims 1 and 2, we get
rðx1; x2Þ ¼ lim
n-N
rðuðx1; y0; tnÞ; uðx2; y0; tnÞÞ
¼ lim
n-N
rðuð %x1; %y; tn  t0Þ; uð %x2; %y; tn  t0ÞÞ
prð %x1; %x2Þ ¼ rðuðx1; y0; t0Þ; uðx2; y0; t0ÞÞ
orðx1; x2Þ;
a contradiction. By the structure theorem of skew-product ﬂows [19, Theorem 1], as
applied to the ﬂow Pt : K0-K0; it then follows that cardðK0-p1ðzÞÞ ¼ 1; 8zAY ;
and hence p : ðP; K0Þ-ðs; YÞ is a ﬂow isomorphism. In particular, Pt :K0-K0 is
minimal.
Let K ¼ oðx; yÞCintðPÞ  Y : By what we have proved, the ﬂow extension of the
semiﬂow Pt : K-K is distal and minimal, and cardðK-p1ðzÞÞ ¼ 1; 8zAY : In
order to prove K ¼ K0; by the minimality of both Pt : K0-K0 and Pt : K-K ; it
sufﬁces to prove that K0-Ka|: Assume for contradiction that K0-K ¼ |; then
dðK0; KÞ40; where d is the metric on the product space X  Y : Let ðx1; y0Þ ¼
K0-p1ðy0Þ and ðx2; y0Þ ¼ K-p1ðy0Þ: Then ðx1; y0Þ and ðx2; y0Þ are distal for the
ﬂowPt : K0,K-K0,K : Using the same arguments as in the last paragraph, we get
a contradiction. Therefore K ¼ K0: To prove limt-N jjuðx; y; tÞ  uðxn; y; tÞjj ¼ 0;
suppose that, by contradiction, there exist an e040 and a sequence tn-N such that
jjuðx; y; tnÞ  uðxn; y; tnÞjjXe0; 8nX1: Since gþðx; yÞ and gþðxn; yÞ are precompact,
without loss of generality, we assume that limn-N Pðx; y; tnÞ ¼ ðxn1; ynÞAK and
limn-N Pðxn; y; tnÞ ¼ ðxn2; ynÞAK : Since K ¼ K0 and cardðK0-p1ðynÞÞ ¼ 1; we get
xn1 ¼ xn2 : Thus 0 ¼ jjxn1  xn2jj ¼ limn-N jjuðx; y; tnÞ  uðxn; y; tnÞjjXe0; a contradic-
tion. It then follows that limt-N jjuðx; y; tÞ  uðxn; y; tÞjj ¼ 0: &
Let f : P-X be a continuous map. f is said to be monotone on P if for any
x1; x2AP; x1Xx2 implies f ðx1ÞXf ðx2Þ; strongly monotone on P if for any x1; x2AP;
x14x2 implies f ðx1Þbf ðx2Þ: f is said to be subhomogeneous on P if f ðlxÞXlf ðxÞ
for any lA½0; 1 and xAP; strictly subhomogeneous on P if f ðlxÞ4lf ðxÞ for any
lAð0; 1Þ and xAintðPÞ; strongly subhomogeneous on P if f ðlxÞblf ðxÞ for any
lAð0; 1Þ and xAintðPÞ:
Remark 2.1. It is easy to see that the following two conditions are sufﬁcient for (A1)
and (A2):
ðA1Þ0 For each ðy; tÞAY  Rþ; uð; y; tÞ is monotone and subhomogeneous on P;
ðA2Þ0 There exists y0AY and t040 such that uð; y0; t0Þ is strongly subhomogeneous
on P:
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Remark 2.2. If we assume that ðA1Þ0 holds, then the following condition implies
ðA2Þ0:
ðA2Þ00 There exists y0AY ; t140 and t240 such that uð; y0; t1Þ is strictly
subhomogeneous on P and uð; sðt1Þy0; t2Þ is strongly monotone on P:
Indeed, given lAð0; 1Þ and xAintðPÞ; the strict subhomogeneity of uð; y0; t1Þ implies
that uðlx; y0; t1Þ4luðx; y0; t1Þ: By the strong monotonicity of uð; sðt1Þy0; t2Þ and
assumption (A1)0; it follows that
uðuðlx; y0; t1Þ; sðt1Þy0; t2Þbuðluðx; y0; t1Þ; sðt1Þy0; t2Þ
X luðuðx; y0; t1Þ; sðt1Þy0; t2Þ:
Since Pt23Pt1 ¼ Pt1þt2 ; we get uðlx; y0; t1 þ t2Þbluðx; y0; t1 þ t2Þ: Thus (A2)0 holds
with t0 ¼ t1 þ t240:
3. Almost periodic dynamics
In this section, we apply Theorem 2.1 to monotone and subhomogeneous almost
periodic reaction–diffusion equations, ordinary differential systems and delay
differential equations for their global dynamics, respectively. We start with some
preliminaries.
Let ðX ; dÞ be a metric space. A function fACðR; XÞ is said to be almost periodic if
for any e40; there exits l ¼ lðeÞ40 such that every interval of R of length l contains
at least one point of the set TðeÞ :¼ ftAR : dðf ðt þ tÞ; f ðtÞÞoe; 8tARg: Let DCRm:
A function fACðR D; XÞ is said to be uniformly almost periodic in t if f ð; xÞ is
almost periodic for each xAD; and for any compact set ECD; f is uniformly
continuous on R E:
A point xAX is said to be an almost periodic point of an autonomous ﬂow
F :X  R-X if Fðx; Þ :R-X is almost periodic. In this case, the full orbit gðxÞ :
¼ fFðx; tÞ: tARg is called an almost periodic orbit of F: A compact minimal ﬂow
s : Y  R-Y is said to be almost periodic if it admits an almost periodic orbit which
is dense in Y : Note that if s :Y  R-Y is a compact, almost periodic minimal ﬂow,
then every point in Y is an almost periodic point of s (see [20, Lemma VI.9]).
Let integer N40 and real number y40 be ﬁxed. Let O be a bounded and open
subset of RN with @OAC2þy: We use @@n to denote the differentiation in the direction
of the outward normal n to @O; and D to denote the Laplacian operator on RN : Let
dðÞACðR;RÞ be an almost periodic function bounded below by a positive real
number, let mðÞACy;y=2ð %O R;RÞ be such that mðx; tÞ is uniformly almost periodic
in t; and let Hðd; mÞ be the closure of fðds; msÞ: sARg under the compact open
topology, where ðds; msÞACðR;RÞ  Cð %O R;RÞ is deﬁned by dsðtÞ ¼ dðs þ
tÞ; msðx; tÞ ¼ mðx; t þ sÞ; xA %O; tAR: According to [15], there exists a unique principal
spectrum point lðdðÞ; mðÞÞ associated with the following linear almost periodic
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parabolic problem
@v
@t
¼ dðtÞDv þ mðx; tÞv; xA %O; tAR;
Bv ¼ 0; xA@O; tAR;
8<
: ð3:1Þ
where either Bv ¼ v or Bv ¼ @v@n þ av for some nonnegative function aAC1þyð@O;RÞ:
Moreover, for each ðm; kÞAHðd; mÞ; there exists an almost periodic function aðt; m; kÞ
such that lðd; mÞ ¼ limt-N 1t
R t
0 aðs; m; kÞ ds and the linear almost periodic parabolic
problem
@j
@t
¼ mðtÞDjþ kðx; tÞj aðt; m; kÞj; xA %O; tAR;
Bj ¼ 0; xA@O; tAR
8<
: ð3:2Þ
admits a positive solution jðx; t; m; kÞ which is uniformly almost periodic in t: It is
easy to verify that v ¼ e
R t
0
aðs;m;kÞ dsjðx; t; m; kÞ is a solution of (3.1) with dðtÞ and
mðx; tÞ replaced by mðtÞ and kðx; tÞ; respectively.
Consider scalar almost periodic Kolmogorov parabolic equations
@u
@t
¼ dðtÞDu þ uf ðx; t; uÞ in O ð0;NÞ;
Bu ¼ 0 on @O ð0;NÞ
8<
: ð3:3Þ
We assume that
(B1) dðÞACðR;RÞ is almost periodic, and for some d040; dðtÞXd0; 8tAR;
(B2) f ðx; t; uÞAC2ð %O R Rþ;RÞ is uniformly almost periodic in t; and
f 0uðx; t; uÞo0; 8ðx; t; uÞA %O R Rþ;
(B3) There exists M040 such that f ðx; t; M0Þo0; 8ðx; tÞA %O R:
A simple example for such f ðx; t; uÞ is the function bðx; tÞ  aðx; tÞu; where aðx; tÞ
and bðx; tÞ are uniformly almost periodic in t; and aðx; tÞ40: Then the resulting
equation is an almost periodic logistic reaction–diffusion model.
Let pAðN;NÞ be ﬁxed. For each bAð1=2þ N=ð2pÞ; 1Þ; let Xb be the fractional
power space of X ¼ LpðOÞ with respect to ðD; BÞ (see, e.g., [9]). Then Xb is an
ordered Banach space with the cone Xþb consisting of all nonnegative functions in
Xb; and X
þ
b has nonempty interior intðXþb Þ: Moreover, XbCC1þnð %OÞ with
continuous inclusion for nA½0; 2b 1 N=pÞ: We denote the norm in Xb by jj  jjb:
Let Hðd; f Þ be the closure of fðds; fsÞ : sARg under the compact open topology,
where ðds; fsÞACðR;RÞ  Cð %O R Rþ;RÞ is deﬁned by dsðtÞ ¼ dðs þ tÞ;
fsðx; t; uÞ ¼ f ðx; t þ s; uÞ; ðx; t; uÞA %O R Rþ: Deﬁne sðtÞðm; gÞ ¼ ðmt; gtÞ; ðm; gÞA
Hðd; f Þ; tAR: Then sðtÞ : Hðd; f Þ-Hðd; f Þ is a compact, almost periodic minimal
and distal ﬂow (see [20, Section VI.C]).
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By the theory of semilinear parabolic differential equations (see, e.g., [10, Section
III.20]), it follows that for every fAXþb and ðm; gÞAHðd; f Þ; the parabolic problem
@u
@t
¼ mðtÞDu þ ugðx; t; uÞ in O ð0;NÞ;
Bu ¼ 0 on @O ð0;NÞ;
uð; 0Þ ¼ f
8>><
>>:
ð3:4Þ
has a unique regular solution uðx; t;f;m; gÞ with the maximal interval of existence
Iðf; m; gÞC½0;NÞ; and Iðf; m; gÞ ¼ ½0;NÞ provided uð; t;f; m; gÞ has an LN-bound
on Iðf; m; gÞ:
We are now in a position to prove the following result on the global dynamics of (3.3).
Theorem 3.1 (Threshold dynamics). Let (B1)–(B3) hold.
(1) If lðdðÞ; f ð; ; 0ÞÞo0; then lim
t-N
jjuð; t;f; d; f Þjjb ¼ 0 for every fAXþb ;
(2) If lðdðÞ; f ð; ; 0ÞÞ40; then (3.3) admits a unique positive almost periodic
solution unðx; tÞ and limt-N jjuð; t;f; d; f Þ  unð; tÞjjb ¼ 0 for every
fAXþb \f0g:
Proof. For any ðm; gÞAHðd; f Þ; both (B2) and (B3) imply that u ¼ M; MXM0; is an
upper-solution of (3.4), and hence, by the comparison theorem and a priori estimates
of parabolic equations (see, e.g., [10]), each solution uðx; t;f; m; gÞ exists globally on
½0;NÞ; and for any t040; the set fuð; t;f; m; gÞ : tXt0g is precompact in Xþb : We
deﬁne the skew-product semiﬂowPt :Xþb  Hðd; f Þ-Xþb  Hðd; f Þ byPtðf; m; gÞ ¼
ðuð; t;f; m; gÞ; mt; gtÞ: Then for each ðf; m; gÞAXþb  Hðd; f Þ; the omega limit set
oðf; m; gÞ of the forward orbit gþðf; m; gÞ :¼ fPtðf; m; gÞ : tX0g is well deﬁned,
compact and invariant under Pt; tX0: Moreover, the maximum principle for
parabolic equations implies that PtððXþb \f0gÞ  Hðd; f ÞÞCintðXþb Þ  Hðd; f Þ; 8t40:
In the case that lðdðÞ; f ð; ; 0ÞÞo0; let jðx; tÞ and aðtÞ be the functions associated
with lðdðÞ; f ð; ; 0ÞÞ as in (3.2) with mðÞ ¼ dðÞ and k ¼ f ð; ; 0Þ: Then jð; tÞb0 in
Xb; 8tAR; and lim
t-N
1
t
R t
0 aðsÞ ds ¼ lðdðÞ; f ð; ; 0ÞÞo0: Clearly, uðx; t;f; d; f Þ satisﬁes
the following differential inequality
@u
@t
pdðtÞDu þ uf ðx; t; 0Þ in O ð0;NÞ;
Bu ¼ 0 on @O ð0;NÞ:
8<
: ð3:5Þ
For any fðÞAXþb ; there exists a sufﬁciently large Z40 such that fpZjð; 0Þ: By the
comparison theorem, it then follows that
0puðx; t;f; d; f ÞpZe
R t
0
aðsÞ dsjðx; tÞ; 8xAO; tX0:
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Since jðx; tÞ is uniformly almost periodic in t and
lim
t-N
e
R t
0
aðsÞ ds ¼ lim
t-N
e
1
t
R t
0
aðsÞ ds
 t
¼ 0;
we get limt-N uðx; t;f; d; f Þ ¼ 0 uniformly for xA %O: For any ðc; m; gÞAoðf; d; f Þ;
there exists a sequence tn-N such that limn-N Ptnðf; d; f Þ ¼ ðc; m; gÞ: Thus
limn-N jjuð; tn;f; d; f Þ  cjjb ¼ 0: Since XbCC1ð %OÞ with continuous inclusion, we
have limn-N uðx; tn;f; d; f Þ ¼ cðxÞ uniformly for xA %O: Then cðÞ  0; and hence
oðf; d; f Þ ¼ f0g  Hðd; f Þ; which implies that limt-N jjuð; t;f; d; f Þjjb ¼ 0:
In the case that lðdðÞ; f ð; ; 0ÞÞ40; we ﬁrst prove the following two claims.
Claim 1. There exists a d40 such that lim supt-N jjuð; t;f; m; gÞjjbXd;
8ðf; m; gÞAðXþb \f0gÞ  Hðd; f Þ:
Indeed, we can choose a sufﬁciently small e040 such that lðdðÞ; f ð; ; 0Þ  e0Þ40:
Since f is uniformly almost periodic in t and Hðf Þ is compact, there exists a d040
such that
jgðx; t; uÞ  gðx; t; 0Þjoe0; 8xA %O; tAR; uA½0; d0; gAHðf Þ:
Since XbCC1ð %OÞ with continuous inclusion, there is a d40 such that for any fAXb;
jjfjjbpd implies that jjfjjNpd0: Suppose for contradiction that for some
ðf; m; gÞAðXþb \f0gÞ  Hðd; f Þ; there holds lim supt-N jjuð; t;f; m; gÞjjbod: Then
there is a t040 such that jjuð; t;f; m; gÞjjbod; 8tXt0; and hence
jjuð; t;c; g; hÞjjbod; 8tX0; where ðc; g; hÞ ¼ ðuð; t0;f; m; gÞ; mt0 ; gt0ÞAintðXþb Þ 
Hðd; f Þ: By the choice of d0 and d; it then follows that uð; t;c; g; hÞ satisﬁes the
following differential inequality
@u
@t
XgðtÞDu þ uðhðx; t; 0Þ  e0Þ in O ð0;NÞ;
Bu ¼ 0 on @O ð0;NÞ:
8<
: ð3:6Þ
Clearly, ðg; hð; ; 0Þ  e0ÞAHðd; f ð; ; 0Þ  e0Þ: Let *jðx; tÞ and a˜ðtÞ be the functions
associated with lðdðÞ; f ð; ; 0Þ  e0Þ as in (3.2) with mðÞ ¼ gðÞ and k ¼ hð; ; 0Þ  e0:
Then *jð; tÞb0 in Xb; 8tAR; and limt-N 1t
R t
0 a˜ðsÞ ds ¼ lðdðÞ; f ð; ; 0Þ  e0Þ40:
Choose a sufﬁciently small e40 such that cXe *jð; 0Þ: By the standard comparison
theorem, we then get
uðx; t;c; g; hÞXee
R t
0
a˜ðsÞ ds
*jðx; tÞ; 8xAO; tX0:
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Since *jðx; tÞ is uniformly almost periodic in t; and
lim
t-N
e
R t
0
a˜ðsÞ ds ¼ lim
t-N
ðe
1
t
R t
0
a˜ðsÞ dsÞt ¼N;
we get limt-N uðx; t;c; g; hÞ ¼N; 8xAO; a contradiction.
Claim 2. oðf; m; gÞCintðXþb Þ  Hðd; f Þ; 8ðf; m; gÞAðXþb \f0gÞ  Hðd; f Þ:
In fact, let A ¼ f0g  Hðd; f Þ: It is easy to see that Claim 1 above implies that A is
an isolated invariant set of Pt and oðf; m; gÞgA; and hence, the Butler–McGehee
Lemma (see, e.g., [2,5] or [14, Lemma 3.3]) implies that oðf; m; gÞ-A ¼
|; 8ðf; m; gÞAðXþb \f0gÞ  Hðd; f Þ: Then Claim 2 follows from the invariance of
oðf; m; gÞ and the fact that PtððXþb \f0gÞ  Hðd; f ÞÞCintðXþb Þ  Hðd; f Þ; 8t40:
Let uðf; m; g; tÞ :¼ uð; t;f; m; gÞ; tX0: By the standard comparison theorem, it
then follows that uð; m; g; tÞ is strongly monotone on Xþb for each ðm; g; tÞAHðd; f Þ 
ð0;NÞ: It is easy to see that (B2) implies that the function uf ðx; t; uÞ is strictly
subhomogeneous in u; and hence, each function ugðx; t; uÞ; gAHðf Þ; is subhomo-
geneous in u for any ﬁxed ðx; tÞA %O Rþ: By the integral version of parabolic
equation (3.4) (see, e.g., [10,13,33]), it then follows that uð; m; g; tÞ is subhomoge-
neous on Xþb for each ðm; g; tÞAHðd; f Þ  Rþ; and uð; d; f ; tÞ is strictly subhomo-
geneous on Xþb for each t40: Thus ðA1Þ0 and ðA2Þ00 hold for the skew-product
semiﬂow Pt on Xþb  Hðd; f Þ: Let f0AXþb \f0g be ﬁxed and let K0 ¼ oðf0; d; f Þ: By
Theorem 2.1 and Remarks 2.1 and 2.2, together with Claim 2 above, it follows that
for every fAXþb \f0g; limt-N jjuð; t;f; d; f Þ  uð; t;f
n; d; f Þjjb ¼ 0; where
ðfn; d; f ÞAK0: Since Pt : K0-K0 is an almost periodic minimal ﬂow, Ptðfn; d; f Þ ¼
ðuð; t;fn; f Þ; dt; ftÞ is an almost periodic motion (see [20, Lemma VI.9]). Therefore
uð; t;fn; d; f Þ is a unique positive almost periodic solution of (3.3). &
Remark 3.1. The global attractivity of a unique positive almost periodic solution of
(3.3) with dðtÞ  1 and Bu ¼ @u@n is proved in [22, Theorem 4.1] under the assumption
that there is a positive solution u0ðx; tÞ of (3.3) such that inf tARþ jju0ð; tÞjjb40: In this
case, eu0ðx; tÞ is a sub-solution of (3.3) for each eAð0; 1Þ: By the standard parabolic
comparison theorem and the invariance of omega limit sets, it then easily follows
that oðf; d; f ÞCintðXþb Þ  Hðd; f Þ for each fAXþb \f0g; and hence the global
attractivity of a unique positive almost periodic solution of (3.3) follows from
Theorem 2.1.
Remark 3.2. In the case that f ðx; t; uÞ  f ðt; uÞ and Bu ¼ @u@n; it is easy to see that
lðdðÞ; f ð; 0ÞÞ ¼ limt-N 1t
R t
0 f ðs; 0Þ ds: Clearly, each solution of dudt ¼ uf ðt; uÞ is also a
solution of (3.3). By the global attractivity of unðx; tÞ; it follows that unðx; tÞ is
independent of spacial variable xAO: Then Theorem 3.1 implies a threshold result
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for almost periodic ordinary differential equation du
dt
¼ uf ðt; uÞ: For a similar result,
we refer to [31, Theorem 2.1].
Remark 3.3. In the case that dðtÞ and f ðx; t; uÞ are T-periodic in t; the conclusion in
Theorem 3.1 (2) implies that the periodic system (3.3) is uniformly persistent. By [32,
Theorem 2.3], as applied to the Poincare´ map associated with T-periodic system
(3.3), it then follows that there exists a positive T-periodic solution of (3.3), and
hence, by the uniqueness of positive almost periodic solutions, unðx; tÞ is T-periodic
in t: Therefore Theorem 3.1 is a generalization of [33, Theorems 3.2 and 3.3].
Next we consider almost periodic ordinary differential systems
du
dt
¼ f ðt; uÞ; t40;
uð0Þ ¼ vARnþ;
8<
: ð3:7Þ
where u ¼ ðu1;y; unÞARn: We assume that
(C1) f ðt; uÞAC1ðR Rnþ;RnÞ is uniformly almost periodic in t; and @fi@ujX0;
8ðt; uÞARnþ1þ ; iaj;
(C2) f ð; 0Þ  0; and for each 1pipn; fiðt; uÞX0; 8ðt; uÞARnþ1þ with ui ¼ 0;
(C3) The Jacobian matrix Duf ðt; uÞ is irreducible, 8ðt; uÞARnþ1þ ; and f ðt; Þ is strictly
subhomogeneous on Rnþ; 8tARþ:
A simple example for such f ðt; uÞ with n ¼ 2 is the function
ðf1ðt; u1; u2Þ; f2ðt; u1; u2ÞÞ :¼ a11ðtÞu1 þ a12ðtÞu2; mðtÞu1
a21ðtÞ þ u1  a22u2
 
;
where aijðtÞ; 1pi; jp2; and mðtÞ are positive almost periodic functions. The
resulting system is a special case of the almost periodic version of an epidemic model
with positive feedback in [3].
Let uðt; vÞ be the unique solution of (3.7). We then have the following result on the
global dynamics of (3.7).
Theorem 3.2 (Global attractor). Let (C1)–(C3) hold. If (3.7) admits a bounded
solution uðt; v0Þ ¼ ðu1ðt; v0Þ;y; unðt; v0ÞÞ such that lim inf t-N uiðt; v0Þ40; 81pipn;
then there exists a unique positive almost periodic solution unðtÞ of (3.7) and
limt-N juðt; vÞ  unðtÞj ¼ 0; 8vARnþ\f0g:
Proof. Let Hðf Þ be the closure of all time translates of f under the compact open
topology on CðR Rþ;RÞ: Deﬁne sðtÞg ¼ gt; gAHðf Þ; tAR: Then
sðtÞ : Hðf Þ-Hðf Þ is a compact, almost periodic minimal and distal ﬂow (see [20,
Section VI.C]). For each ðv; gÞARnþ  Hðf Þ; let uðt; v; gÞ be the unique solution of
(3.7) with f replaced by g: Let AðtÞ ¼ Duf ðt; 0Þ: Thus assumption (C3) implies that
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f ðt; uÞpAðtÞu; 8ðt; uÞARnþ1þ : By (C1), (C2) and the comparison theorem for
cooperative systems (see, e.g., [24, Proposition 3.1.1, Remark 3.1.2]), each uðt; v; gÞ
exists globally on ½0;NÞ and uðt; v; gÞX0; 8tX0: We deﬁne the skew-product
semiﬂow Pt : Rnþ  Hðf Þ-Rnþ  Hðf Þ by Ptðv; gÞ ¼ ðuðt; v; gÞ; gtÞ: By the compar-
ison theorem for irreducible cooperative systems (see, e.g., [24, Theorem 4.1.1]) and
the variation of constants formula for inhomogeneous linear systems, it then follows
that uðt; ; gÞ is monotone and subhomogeneous on Rnþ; 8ðt; gÞARþ  Hðf Þ; and
uðt; ; fsÞ is strongly monotone and strictly subhomogeneous on Rnþ; 8t40 and sX0
(see, e.g., [33,36]). Thus ðA1Þ0 and ðA2Þ00 hold for the skew-product semiﬂow Pt on
Rnþ  Hðf Þ: By our assumption, the omega limit set oðv0; f Þ is compact and
oðv0; f ÞCintðRnþÞ  Hðf Þ: By Theorem 2.1, Pt :oðv0; f Þ-oðv0; f Þ extends to a
compact, almost periodic minimal and distal ﬂow, and hence uðt; vn; f Þ is almost
periodic in t (see [20, Lemma VI.9]), where ðvn; f ÞAoðv0; f Þ: Clearly,
uðt; vn; f Þb0; 8tAR: By assumption (C3), it is easy to verify that for each eAð0; 1Þ;
euðt; vn; f Þ and e1uðt; vn; f Þ are sub- and super-solutions of (3.7), respectively. Fix a
t040: For any vARnþ\f0g; since uðt0; v; f Þb0; we can choose a sufﬁciently small
e0Að0; 1Þ such that e0uðt0; vn; f Þpuðt0; v; f Þpe10 uðt0; vn; f Þ: By the comparison
theorem, it then follows that
e0uðt; vn; f Þpuðt; v; f Þpe10 uðt; vn; f Þ; 8tXt0:
Thus uðt; v; f Þ is bounded and oðv; f ÞCintðRnþÞ  Hðf Þ: Again by Theorem 2.1, we
then get limt-N j uðt; v; f Þ  uðt; vn; f ÞÞj ¼ 0: &
Remark 3.4. The conclusion of Theorem 3.2 is valid for all vAintðRnþÞ if we replace
assumption (C3) by the following one:
ðC3Þ0 f ðt; Þ is strongly subhomogeneous on Rnþ; 8tARþ:
Indeed, for any vb0; [24, Proposition 3.1.1, Remark 3.1.2] imply that
uðt; v; f Þb0; 8tX0: By the variation of constants formula and the fact that
f ðt; luðt; v; f ÞÞ  lf ðt; uðt; v; f ÞÞb0; 8tX0; lAð0; 1Þ; it follows that uðt; ; f Þ is
strongly subhomogeneous on Rnþ for each t40: Thus ðA1Þ0 and ðA2Þ0 hold for the
skew-product semiﬂow Pt: Letting t0 ¼ 0 in the proof of Theorem 3.2, we then get
the same conclusion for all vAintðRnþÞ:
Finally we consider almost periodic delay differential equations
duðtÞ
dt
¼ f ðt; uðtÞ; uðt  tÞÞ; t40;
uðsÞ ¼ fðsÞ; sA½t; 0;
8<
: ð3:8Þ
where t40; uAR and fACþ :¼ Cð½t; 0;RþÞ: We assume that
(D1) f ðt; u; vÞAC1ðR R2þ;RÞ is uniformly almost periodic in t; and
f 0vðt; u; vÞX0; 8ðt; u; vÞAR3þ;
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(D2) f ð; 0; 0Þ  0; and f ðt; 0; vÞX0; 8ðt; vÞAR2þ;
(D3) For each tARþ; f ðt; Þ : R2þ-R is strictly subhomogeneous.
A simple example for such f ðt; u; vÞ is the function aðtÞv  bðtÞu2; where aðtÞ and
bðtÞ are two positive almost periodic functions. The resulting equation is the almost
periodic version of an autonomous equation for single-species at the mature stage in
a time-delay model of single-species growth with stage structure introduced by Aiello
and Freedman [1].
Let uðt;fÞ be the unique solution of (3.8). Then we have the following result on the
global dynamics of (3.8).
Theorem 3.3 (Global attractor). Let (D1)–(D3) hold. If (3.8) admits a bounded
solution uðt;f0Þ such that lim inf t-N uðt;f0Þ40; then there exists a unique positive
almost periodic solution unðtÞ of (3.8) and limt-N juðt;fÞ  unðtÞj ¼ 0; 8fACþ with
fð0Þ40:
Proof. Let Hðf Þ be the closure of all time translates of f under the compact open
topology on CðR R2þ;RÞ: Deﬁne sðtÞg ¼ gt; gAHðf Þ; tAR: Then sðtÞ :
Hðf Þ-Hðf Þ is a compact, almost periodic minimal and distal ﬂow (see [20, Section
VI.C]). For each ðf; gÞACþ  Hðf Þ; let uðt;f; gÞ be the unique solution of (3.8) with
f replaced by g: Let aðtÞ ¼ f 0uðt; 0; 0Þ and bðtÞ ¼ f 0vðt; 0; 0Þ: Thus assumption (D3)
implies that f ðt; u; vÞpaðtÞu þ bðtÞv; 8ðt; u; vÞAR3þ: By (D1) and (D2), the compar-
ison theorem for cooperative delay differential equations [24, Theorem 5.1.1] and the
positivity theorem [24, Theorem 5.2.1], each uðt;f; gÞ exists globally on ½0;NÞ and
uðt;f; gÞX0; 8tX0: We deﬁne the skew-product semiﬂow Pt : Cþ  Hðf Þ-Cþ 
Hðf Þ by Ptðf; gÞ ¼ ðutðf; gÞ; gtÞ; where utðf; gÞðsÞ ¼ uðt þ s;f; gÞ; sA½t; 0: By the
comparison theorem and the variation of constants formula for inhomogeneous
linear systems, it then follows that utð; gÞ is monotone and subhomogeneous on
Cþ; 8ðt; gÞARþ  Hðf Þ (see, e.g., [36]). For each fACþ with fð0Þ40; uðt;f; f Þ
satisﬁes the following differential inequality
duðtÞ
dt
¼ f ðt; uðtÞ; uðt  tÞÞXf ðt; uðtÞ; 0Þ; t40;
uð0Þ ¼ fð0Þ40:
8<
:
Then the standard comparison theorem implies that uðt;f; f Þ40; 8tX0; and hence
utðf; f Þb0; 8tXt: We further claim that utð; f Þ is strongly subhomogeneous on
Cþ; 8t4t: Indeed, let fb0 and lAð0; 1Þ be ﬁxed, and let wðtÞ ¼ uðt; lf; f Þ 
luðt;f; f Þ: Then uðt;f; f Þ40; uðt; lf; f Þ40 and wðtÞX0; 8tX t: Let cðt; sÞ ¼
suðt; lf; f Þ þ ð1 sÞluðt;f; f Þ;
a˜ðtÞ ¼
Z 1
0
f 0uðt; cðt; sÞ; cðt  t; sÞÞ ds; b˜ðtÞ ¼
Z 1
0
f 0vðt; cðt; sÞ; cðt  t; sÞÞ ds
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and
hðtÞ ¼ f ðt; luðt;f; f Þ; luðt  t;f; f ÞÞ  lf ðt; uðt;f; f Þ; uðt  t;f; f ÞÞ:
Then b˜ðtÞX0 and hðtÞ40; 8tX0: It easily follows that wðtÞ satisﬁes the following
differential inequality
dwðtÞ
dt
¼ a˜ðtÞwðtÞ þ b˜ðtÞwðt  tÞ þ hðtÞXa˜ðtÞwðtÞ þ hðtÞ; t40
wð0Þ ¼ 0:
8<
:
Thus wðtÞX R t0 e
R t
s
a˜ðyÞ dy
hðsÞ ds40; 8t40; and hence
wt ¼ utðlf; f Þ  lutðf; f Þb0; 8t4t:
Therefore ðA1Þ0 and ðA2Þ0 hold for the skew-product semiﬂow Pt on Cþ  Hðf Þ: By
our assumption, the omega limit set oðf0; f Þ is compact and oðf0; f ÞCintðCþÞ 
Hðf Þ: By Theorem 2.1, Pt : oðf0; f Þ-oðf0; f Þ extends to a compact, almost
periodic minimal and distal ﬂow, and hence utðfn; f Þ is almost periodic in t (see [20,
Lemma VI.9]), where ðfn; f ÞAoðf0; f Þ: Clearly, uðt;fn; f Þ40; 8tAR: By assumption
(D3), it is easy to verify that for each eAð0; 1Þ; euðt;fn; f Þ and e1uðt;fn; f Þ are sub-
and super-solutions of (3.8), respectively. Fix a t0Xt: For any fACþ with fð0Þ40;
since ut0ðf; f Þb0; we can choose a sufﬁciently small e0Að0; 1Þ such that
e0uðs;fn; f Þpuðs;f; f Þpe10 uðs;fn; f Þ; 8sA½t0  t; t0:
By the comparison theorem [24, Theorem 5.1.1], it then follows that
e0uðt;fn; f Þpuðt;f; f Þpe10 uðt;fn; f Þ; 8tXt0:
Thus uðt;f; f Þ is bounded and oðf; f ÞCintðCþÞ  Hðf Þ: Again by Theorem 2.1, we
then get limt-N jjutðf; f Þ  utðfn; f ÞÞjj ¼ 0: &
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